On the asymptotics of the number of p-core partitions of integers by Ian Kiming (København) 0. Introduction. In the following the symbol p always denotes an odd prime number and n a natural number.
Thus we denote in the following for n ≥ 4 by S n anyone of the groups R n or T n above. If n ∈ {1, 2, 3}, the following theory is not very interesting, but for practical reasons we shall redefine S n in these cases to be also anyone of R n or T n .
So, S n is a double covering group of S n . The representation theory of these double covers has been studied intensively (cf. [8, [10] [11] [12] ). In the general modular representation theory of finite groups the question of existence of a character of p-defect zero is a fundamental and difficult problem. Thus, for S n , one of the natural problems is to determine those n ∈ N for which S n has a spin character, i.e. a faithful, irreducible character, of p-defect zero. This question turns out to be equivalent to the determination of those n ∈ N which have a so-called " p-core partition" (cf. [12, 11] ); see below in Section 1 for the definition of a p-core partition of n. In fact, the number of p-core partitions of n is closely related to the number of spin characters of p-defect zero of S n ; more precisely, the p-core partitions of n can be used as labels for such spin characters. A p-core partition λ labels either 1 or 2 spin characters of p-defect zero depending on a certain sign attached to λ (cf. [12] ).
In [7] we proved that every n ∈ N has a p-core partition if p ≥ 7; see also [2] for the case p = 7. This is also an optimal result. It has some strong consequences for the representation theory of S n , for example the following (see [12] ): If p ≥ 7, and m, n ∈ N with pm ≤ n, then S n has a spin block whose defect group is isomorphic to a p-Sylow subgroup of S pm .
Thus, p-core partitions seem to be fundamental combinatorial objects, and in this article we study them for their own sake. We shall focus on a connection to modular forms and use this in Section 2 below to give for p > 5, p ≡ 1 (mod 4) asymptotic formulae for the number s p (n) of p-core partitions of n. The reason for our restriction to the cases p ≡ 1 (mod 4) is that we relate s p (n) to the Fourier coefficients of a certain modular form of weight (p − 1)/4; for p ≡ 3 (mod 4) we would thus have to deal with modular forms of half-integral weight, and this would in fact complicate the discussion considerably.
In order to find an asymptotic formula for the numbers s p (n) (p fixed) we proceed as follows. Based on the reinterpretation in the next section of s p (n) as the number of solutions to a certain quadratic diophantine equation, we construct in Section 2 a modular form
for Im(z) > 0, on a certain congruence subgroup of SL 2 (Z), with the property that the numbers s p (n) occur among the Fourier coefficients b(·, f p ) of f p ; for example, one will have
An asymptotic formula for s p (n) is then obtained by using the following principle first made explicit by Hecke (see [5] 1. Now we recall from [11] , pp. 233-237, the definition of a p-core partition of n, and derive from this an interpretation of the number s p (n) of such partitions as the number of solutions to a certain Diophantine equation.
A From this we easily deduce that the number s p (n) is equal to the number of (p − 1)-tuples (l 1 , . . . , l p−1 ) of non-negative integers with
Putting t := (p − 1)/2, this means that s p (n) is the number of t-tuples
Diagonalizing this last expression, we then finally conclude that s p (n) is the number of integral solutions to
48 ,
(Use the fact that
.) This is the interpretation of the numbers s p (n) that we shall now use to find an asymptotic formula for them.
2.
We fix the following notation: p is a prime number > 5 and ≡ 1 (mod 4), t := (p − 1)/2 as above, and k :
The symbol χ denotes the Dirichlet character belonging to the field
Further, if n ∈ N we denote by N = N (n) the integer
If K ∈ N and is a Dirichlet character mod K, we denote as usual by M k (K, ) the space of holomorphic modular forms of weight k on Γ 0 (K) with nebentypus . Also, S k (K, ) denotes the corresponding subspace of cusp forms. If f ∈ M k (K, ), we denote by b(n, f ) the nth Fourier coefficient of f at ∞.
For h ∈ Z we consider the following classical theta series:
for z in the upper halfplane, and define
We shall also need the following Hecke-Eisenstein series:
where ζ is Riemann's zeta function, and further
I. Suppose that p ≡ 1 (mod 16). Then f p ∈ M k (2p, 1) and
For n ∈ N we have N/4 ∈ N and
for all ε > 0. Here B k is the kth Bernoulli number. II. Suppose that p ≡ 9 (mod 16). Then f p ∈ M k (4p, 1) and
For n ∈ N we have that N/2 is an odd integer and
For n ∈ N we have that N is an odd integer and
for all ε > 0. Here B k,χ is the kth Bernoulli number belonging to the character χ.
P r o o f. We prove only part III. The proofs of parts I and II are similar but simpler. So, suppose that p ≡ 5 (mod 8).
(a) First we use the transformation formula for the theta series θ 3,0 : Suppose that h ∈ Z, use the notation
, and let
Then the transformation formula on p. 223 in [14] states that
where σ γ,δ is −1 if both γ and δ are negative and is 1 otherwise, and where we used the usual notation
for holomorphic functions f on the upper halfplane and s ∈ 1 2 Z (with the standard branch of the holomorphic square root if s is half-integral). Now, from the definitions of θ 3,0 (z, h, 2p) and f p we see that if I is a set of t integers such that the numbers ±i, i ∈ I, form a system of representatives of the invertible residues modulo 2p, then the product
is independent of I and equals f p (z/2). Since α is prime to 2p, we can then conclude that
where we used the fact that t is even, k = t/2 and that
Since k is odd, (1) implies
.
We have the following Fourier expansion of the Hecke-Eisenstein series G k (z; a, b; M ) (cf. [5] ):
, where δ(x) is 1 or 0 according to whether x is an integer or not. Using the fact that k is odd and that
one then finds the following Fourier expansion of the function E k :
Similarly, one finds
So, we conclude (cf. for example [9] , Theorem 4.7.1, p. 177
We define the element U p ∈ M k (8p, χ):
In order to show that f p − U p is a cusp form, it suffices to show that
this follows because the numbers c
for c ∈ N, c | 8p form a system of representatives of the cusps with respect to Γ 0 (8p). In order to compute the numbers V (c, f p ) and V (c, U p ) we first recall the following trick (cf. for example [14] , p. 248):
and put
where as above δ(x) is 1 or 0 according to whether x is an integer or not. Using these facts and (3) above, one then computes for c, l ∈ N with l | 2p, c | 8p,
is chosen such that (2) above holds. Then, if c/(c, l) is divisible by 4 we see that both y and l/(c, l) are odd, and so
where the last equality follows because l/(c, l) is a divisor of p (since l | 2p and l/(c, l) is odd), and because χ(p) = 1 since p ≡ 1 (mod 4). Hence,
Similarly, by choosing x, y according to (2) above with l replaced by 4l, we find
If (c, 4l) divides l then x and c/(c, 4l) are both odd, and so
where the last equality follows because c/(c, 4l) is a divisor of p (since c | 8p and c/(c, 4l) is odd).
Hence, for integers h, a, c with c > 0 and (a, c) = 1, we find according to (A.14) on p. 220 in [14] that
Using this and the fact that
we find
and so
With this, we deduce from the definition of f p and from (3) above that
for c ∈ N. From this, one easily computes the following explicit values: , χ) ). Let us for example consider the computation of V (4, f p ).
We have
where we used the fact that p ≡ 1 (mod 4); hence, V (4, f p ) = p −k . Using (4) and (5) above one then verifies that
, follows directly from the definition of f p and the fact discussed in Section 1 above that s p (n) is the number of integral solutions (x 1 , . . . , x t ) to 
for all ε > 0. Hence we can finish the proof by showing that 
for M ∈ N and ϕ(x) = ψ(x) = 0 for x ∈ N, we obtain from the definition of U p together with the Fourier expansions of E k and F k , , as is easily seen. We also see that we obtain asymptotic formulae even if we use weaker estimates for the Fourier coefficients of cusp forms than the theorem of Deligne on the Ramanujan-Petersson conjecture. For example, if one replaces the O-terms in the theorem above with O(n k/2 ), then this weaker theorem is proved by the above and with reference to Hecke's result in [5] . This result, which can be proved by elementary means, states precisely that the Fourier coefficients of cusp forms of weight k on any congruence subgroup Γ 0 (M ) can be estimated by O(n k/2 ).
